Abstract. We consider a second quantized homogeneous Bose gas in a large cubic box with periodic boundary conditions, at zero temperature, and in the grand canonical setting (the chemical potential µ is fixed, the number of particles can vary). The interaction potential has a positive Fourier transform. We define the infimum of the excitation spectrum as the infimum of the grandcanonical Hamiltonian restricted to the subspace of total momentum k. We investigate its upper bound given by the expectation value at squeezed states. Our method can be viewed as a rigorous version of the usual Bogoliubov approach.
Introduction
The main subject of our paper is a rigorous study of the infimum of the excitation spectrum (abbreviated IES) of the Bose gas of density ρ in the thermodynamic limit.
One can distinguish two possible approaches to this subject: "canonical" and "grand-canonical". Further on in our paper we will concentrate on the latter setting. Nevertheless, in the introduction, let us stick to the canonical approach.
Suppose that the 2-body potential of an interacting Bose gas is described by a real function v defined on R d , satisfying v(x) = v(−x). We assume that the Fourier transform of v, given byv (k) := v(x) e −ıkx dk, (
is nonnegative. In order to define the quantities of interest to us at nonzero density, we start with a system of n bosonic particles in Λ = [0, L] d -the d-dimensional cubic box of side length L. We assume that the number of particles equals n = ρV , where
d is the volume of the box. Following the accepted (although somewhat unphysical) tradition we replace the potential by
where k ∈ 2π L Z d is the discrete momentum variable. Note that v L is periodic with respect to the domain Λ, and v L (x) → v(x) as L → ∞. The system is described by the Hamiltonian
acting on the space L 2 s (Λ n ) (symmetric square integrable functions on Λ n ). We assume that the Laplacian has periodic boundary conditions.
The total momentum is given by the operator
−ı∇ xi . P L,n commutes with H L,n and both have purely discrete spectrum, hence we can find a joint orthonormal system of eigenfunctions. Thus we can fix an eigenvalue of P L,n and study the restriction of H L,n to the spectral subspace associated to this eigenvalue.
The IES at finite volume in the zero temperature canonical ensemble, denoted ǫ L (k), is defined as the minimal energy needed to go up from the ground state energy of H L,n to its lowest eigenvalue from the sector of total momentum k. The IES in the thermodynamic limit, denoted ǫ(k), is defined by an appropriate limiting procedure as L → ∞, as we will explain further on.
It is easy to see that the ground state energy of H L,n is attained at the zero momentum. Therefore, the IES (both at finite volume and in thermodynamic limit) is zero for k = 0.
It is believed that in the thermodynamic limit, at a fixed positive density, the IES as a function of the total momentum k has the following features:
• ǫ(k) is continuous in k. In particular, the continuity at zero means that there is no "gap" in the spectrum -there are excited states with an arbitrarily small positive energy.
• There exists c 1 > 0 such that ǫ(k) lies above c 1 |k|. This implies that as long as the system travels with velocity less than c 1 , the motion should be frictionless -which is a manifestation of superfluidity. Again, this property does not hold in the noninteracting case.
• It has a "linear cusp" at its bottom, more precisely, it behaves like c|k| near k = 0, where c > 0. Thus low-lying excitations propagate with a well defined sound velocity c. This differs from the noninteracting Bose gas, whose IES is proportional to the square of |k|;
These properties of the Bose gas were predicted by Landau in the 40's. Shortly thereafter, they were derived by a somewhat heuristic argument by Bogoliubov [2] . They seem to have been confirmed experimentally (see e.g. [10] ).
Since Bogoliubov, many theoreticians have worked on this subject. Nevertheless, to our knowledge, no satisfactory rigorous analysis of the excitation spectrum exists. Only in the one-dimensional case, when the interaction v is a repulsive delta-function, the excitation spectrum can be described fairly explicitly (see [8, 7] ) and at least one can prove that there is no gap in it.
Almost all theoretical works on the excitation spectrum of the Bose gas instead of the correct Hamiltonian H L,n (or its second-quantized version H L and the grandcanonical version K L µ ) considered its modifications. They either replaced the zero mode by a c-number or dropped some of the terms, or did both modifications [1, 6, 4, 5, 12, 13] . These Hamiltonians have no independent physical justification apart from being approximations to H L in some uncontrolled way. In our paper we are not interested in any such modified Hamiltonians: all our statements will be related to the grand-canonical Hamiltonian K L µ (the natural second quantization of H L,n − µn). Note however, that some of the quantities we study are not quite the ones we are interested in: instead of the bottom of the spectrum, most of the time we consider its upper bounds given by the expectation values between some restricted classes of vectors.
In many papers on the Bose gas one does not obtain a cusp at the bottom of the excitation spectrum. One usually obtains a small gap between the ground state energy and the lowest excitation. There is no such gap in the calculations of Bogoliubov, as crude as they are. However, when one tries to "improve" on Bogoliubov's calculations, the gap usually appears. Yet, there are arguments that this gap is an artifact of these approximations, and in the complete treatment it should not appear [6, 4, 3] .
In our approach, we expect that there is no gap if we consider the true IES defined mathematically by the joint spectrum of the grand-canonical Hamiltonian and the momentum in the thermodynamic limit. On the other hand, if we consider one of the approximations to the IES (obtained not by changing the Hamiltonian, but choosing an appropriate family of test vectors), the gap seems to appear.
One should remark that there exists a large rigorous literature on the Bose gas, see e.g. recent lecture notes of Lieb, Seiringer, Solovej and Yngvason [9] and references therein. This literature, however, is devoted mostly to the study of the ground state energy and not to the dependence of the excitation spectrum on momentum.
In our paper we describe two methods that can be used to give upper bounds on the infimum of the joint spectrum of the Hamiltonian and the momentumthat is, the sum of the ground state energy and the IES. The first, which we call the Squeezed States Approximation (SSA), uses squeezed states and 1-particle excitations over squeezed states to obtain a variational estimate. The second, which we call the Improved Bogoliubov Approximation (IBA) is a modification of the SSA, which gives a less precise estimate, but is more convenient computationally. The method IBA is also well suited as the first step to a systematic perturbative treatment of the Bose gas. It leads to the construction of an effective Hamiltonian, which can serve as the main part of the full Hamiltonian K L µ , whereas the reminder can be treated as a perturbation.
By squeezed states we mean states obtained from the vacuum by a Bogoliubov translation and rotation. Note that the requirement of the translation symmetry restricts the choice of these transformations. In particular, only a translation of the zero mode is allowed and only pairs of particles of opposite momenta can be created.
To our knowledge, in the context of the Bose gas, the idea of using squeezed states to bound the ground state energy first appeared in the paper of Robinson [11] . Robinson considered a slightly more general class of states -quasi-free states. He noticed, however, that in the case he looked at it is sufficient to restrict to pure quasi-free states -which coincide with squeezed states.
Only an upper bound to the ground state energy is considered in [11] . We go one step further: we show how this method can be extended to obtain upper bounds on the ground state energy plus the IES by using one-particle excitations over squeezed states.
The structure of our paper is as follows:
In Section 2 we recall the original Bogoliubov calculations. They use the canonical approach.
In Section 3 we describe the original Bogoliubov calculations adapted to the grand-canonical approach. The grand-canonical approach is used throughout the later part of the paper as well.
Sections 2 and 3 should be viewed as an extension of the introduction, included for a historical perspective.
In Section 4 we describe and discuss our definitions of the excitation spectrum. We have little to say rigorously about these quantities.
In Sections 5 and 6 we describe the Squeezed States Approximation and the Improved Bogoliubov Approximation.
In Sections 7 and 8 we derive basic formulas for the Improved Bogoliubov Approximation.
Original Bogoliubov approach
As realized by Bogoliubov, even if one is interested in properties of the Bose gas with a fixed but large number of particles, it is convenient to pass to the second quantized description of the system, allowing an arbitrary number of particles. To this end one introduces the second quantized form of (1.3), that is
acting on the symmetric Fock space Γ s (L 2 (Λ)). It is convenient to pass to the momentum representation:
k1,k2,k3,k4
where we used (1.2) to replace v L (x) with the Fourier coefficientsv(k). Note that v(k) =v(−k), and a x = V −1/2 k e ıkx a k . Recall that the number and momentum operator are defined as
H L,n and P L,n coincide with the operators H L and P L restricted to the eigenspace of N L with the eigenvalue n. We define the IES at the momentum k as the infimum 4 of H L,n restricted to the eigensubspace of P L at k after subtracting the ground state energy of H L . Let us proceed following the original method of Bogoliubov. We make an ansatz consisting in replacing the operators a * 0 , a 0 with c-numbers:
We drop higher order terms. We will write
Then we replace α with ρ, setting
and again we drop the higher order terms:
We perform the Bogoliubov rotation to separate the Hamiltonian into normal modes:
We obtain
where the excitation spectrum is 8) and the ground state energy equals
Now, the IES is given by
Note that under quite general assumptions on the potential, ǫ bg (k) and ω bg (k) coincide. In any case, they coincide for small k. Thus, the IES has all the properties predicted by Landau, in particular, for small k, it behaves as
We can also compute that for small |k|
Therefore, if Ψ denotes the ground state of (2.9), then
2|k| .
The density of particles ρ equals
We expect that for large L, (2.12) converges to
But |k| −1 is integrable only in dimension d > 1. Therefore, if we keep the density ρ fixed as L → ∞, then the asymptotics (2.10) and (2.11) cannot be satisfied for d = 1. To our knowledge, (2.11) and the above described problem of the Bogoliubov approximation in d = 1 was first noticed in [4] .
Grand-canonical version of the original Bogoliubov approach
It was noted already by Beliaev [1] , Hugenholz -Pines [6] and others that instead of studying the Bose gas in the canonical formalism, fixing the density, it is more convenient to use the grand-canonical formalism and fix the chemical potential. Then one can pass from the chemical potential to the density by the Legendre transformation. Physically, it corresponds to allowing the total number of particles to vary, keeping the chemical potential fixed. There are perhaps some physical situations, where it is more natural to keep the number of particles fixed. Nevertheless, mathematically, the chemical potential seems to be a more convenient parameter.
More precisely, for a given chemical potential µ > 0, we define the grandcanonical Hamiltonian
If we determine the ground state energy E L (µ) of K L µ , then one can get the corresponding density by
Again, following e.g. Zagrebnov-Bru [13] , we make the replacement (2.4) and drop higher order terms:
We perform the Bogoliubov rotation and obtain
where the excitation spectrum is
and the ground state energy equals
Note that
Hence the term with ′ in (3.5) is second order in the interaction. Therefore, keeping only first order terms we obtain
To find the lowest ground state energy for a given µ we compute
Applying (3.2) we obtain µ = ρv(0). If we insert this into (3.5) and (3.4), we obtain expressions identical to (2.9) and (2.8).
Needless to say that both derivations of the IES for interacting Bose gas presented above are non-rigorous.
Infimum of the excitation spectrum -a rigorous definition
In this section we will try to introduce mathematical quantities related to the Bose gas, that in our opinion are relevant for its physical properties and which deserve to be called the infimum of the excitation spectrum (IES). We will mostly use the grand-canonical formalism.
We know that if we fix the number of particles to be n > 1, the operator H L,n from (1.3) has purely discrete spectrum and a non-degenerate ground state. Let us denote by E L,n the ground state energy in the box for n particles
where spK denotes the spectrum of an operator K.
Then the ground state energy of E L (µ) is going to be
Both E L,n and E L are finite for a large class of potentials, which follows from a simple rigorous result, which we state and prove below. 
Proof. Let us drop the subscript L and denote the self-interacting term in the Hamiltonian by
Define the operator
Then, by a simple commutation, using that N 0 = N and thatv(k) is non-negative, we obtain
which proves (4.2). Moreover,
which proves (4.3).
Note that the operators K L µ and P L commute. Therefore we can define their joint spectrum sp(K
In the limit L → ∞, the momentum lattice 2π L Z d converges in some sense to the continuous space R d . It is not obvious how to define ǫ(k) in this limit. We propose to define it as follows:
For k ∈ R d we define the IES at the thermodynamic limit
Thus first we consider a window in the momentum space of diameter 2δ. We obtain the quantity lim inf
, which bounds from below the IES in this window, and increases as δ becomes smaller. Then take the supremum (or, equivalently, the limit) of the above quantity as δ ց 0.
Another natural definition would be:
This bounds from above the IES in the box in every window of diameter 2δ. Clearly, ǫ(k) ≤ǫ(k). Although it is not obvious thatǫ and ǫ are actually equal, we only consider ǫ(k) in this paper. Now let us formulate some results and conjectures on the behavior of the IES.
Proposition 4.2. At zero total momentum, the excitation spectrum has a global minimum where it equals zero:
Proof. Under the conditions imposed on our potential v, each E L,n is a nondegenerate eigenvalue of H L,n , and H L,n commutes with the total momentum and space inversion. Thus each E L,n corresponds to zero total momentum, and so does the minimum over n ≥ 1 in (4.1). Hence ǫ Let us now formulate some conjectures about ǫ(k):
Conjecture 4.3. We expect the following statements to hold true: Statements (1) and (2) can be interpreted as some kind of a "spectral thermodynamic limit". Note that if (1) and (2) are true around k = 0, then we can say that there is "no gap in the excitation spectrum" (Proposition 4.2 stated that ǫ(0) = 0). The third statement implies the superfluidity of the Bose gas. The fourth statement claims that low energy excitations have a well defined speed.
Throughout most of our paper, the chemical potential µ is considered to be the natural parameter of our problem. The IES, as we have defined it, should be written as ǫ(k, µ). If we want to pass to canonical conditions (fixed density), then we need to prove that
L d exists and defines a smooth, concave function of µ. Denote by µ ρ the unique solution to the equation −(∂ µ e)(µ ρ ) = ρ. Then ǫ(k, µ ρ ) will give the IES in the thermodynamic limit and canonical conditions.
Infimum of the excitation spectrum in the squeezed states approximation
In this section we describe an approximate method, which will give a rigorous upper bound on E and E + ǫ(k). The main idea of this method is the use of the so-called squeezed states. (See Appendix A for a brief summary of basic properties of squeezed states).
Let α ∈ C and 
By the Squeezed States Approximation (SSA) we will mean applying the variational method using only vectors like Ψ α,θ and Ψ α,θ,k .
We define the SSA ground state energy in the box
and for k ∈ R d we define the SSA IES in the thermodynamic limit
Clearly, from the mini-max principle we obtain:
Conjecture 5.1. We believe the following statements to hold true:
Thus we conjecture that the Squeezed States Approximation does not capture the behavior at the bottom of the IES predicted by Landau, in particular ǫ ssa (0) > 0.
A rigorous version of the Bogoliubov approximation
The method of SSA is still not very convenient computationally. In this section we describe a less precise method of finding an upper bound to E + ǫ(k), which seems, however, more convenient in practical calculations. This method resembles closely the original Bogoliubov method. It consists of similar steps: it introduces a c-number α for the zero mode, it involves a "Bogoliubov rotation" and dropping terms of higher order in creation and annihilation operators. In contrast to the original Bogoliubov approach, our approach leads to a rigorous upper bound. Therefore, we call it the Improved Bogoliubov Approximation (IBA).
For any L large enough we assume that the infimum of
Again, we have a conjecture similar to the conjecture about the Squeezed States Approximation:
Conjecture 6.1. We believe the following statements to hold true:
In order to implement the above method, let us see that
kL Ω). The Hamiltonian after the Bogoliubov transformation can be Wick ordered:
Then we easily see that
If we require that B L attains its minimum, then we will later on show that auto-
Note that it is natural to introduce the effective Hamiltonian
where b k = U α,θ a k U * α,θ . One-particle states of the Hamiltonian K L iba have the excitation spectrum coinciding with IES of the full Hamiltonian K L in the Improved Bogoliubov Approximation.
The method IBA seems especially convenient, not only as a means of obtaining an upper bound, but also as the first step to a systematic perturbative treatment of the Bose gas. We can use the effective Hamiltonian (6.2) as the main part of the full Hamiltonian K L µ , treating the higher order terms dropped when defining (6.2) as a perturbation.
Bogoliubov translation of the Hamiltonian
In the sequel we drop the superscript L. We apply the Bogoliubov transformation in two steps. First we apply W α := e −αa * 0 +αa0 . We have W α a 0 W * α = a 0 + α. Hence it suffices to displace the zero mode and our Hamiltonian takes the form:
Before the displacement of the zero mode the Hamiltonian possessed global phase symmetry. After the displacement, the Hamiltonian will still have it if we also rotate the c-number α with the same phase as each operator a k .
Bogoliubov rotation of the Hamiltonian
Next we perform the Bogoliubov rotation by U θ . We set
We have
The result of the rotation is:
The main intermediate step of the calculations leading to the above result is described in Appendix B. 
Conditions arising from minimization of B
We demand that B attains a minimum. To this end we first compute the derivatives with respect to α and α: The first derivatives with respect to α and α are:
Note that:
so that the condition:
Computing the derivative with respect to s k , s k we can use
One can calculate that:
14 All the above conditions can be rewritten using:
Note that f k is real. Then:
and:
This implies that
3) Note also that:
The condition (9.1) yields
This allows to eliminate µ from the expression for f k :
We will keep α 2 instead of µ as the parameter of the theory, hoping that one can later on express µ in terms of α 2 . The condition O(k) = 0 together with (9.3) imply
If we neglect the solution s k f k = g k = 0, we obtain
Then we can compute s k together with the phase:
15
(9.8), together with the definition of g k , f k given in (9.2) and (9.7) can be viewed as the fixed point equation for k → s k depending on the parameter α. Note that it seems that in the thermodynamic limit one should take α = √ V ρ 0 e ıφ0 , for some fixed parameter ρ 0 having the interpretation of the density of the condensate and a fixed phase φ 0 . Then one could expect that s k will converge to a function depending on k ∈ R d in a reasonable class and we can replace
Let us compute the ground state energy in the Squeezed States Approximation. Inserting (9.6) to the expression for B we obtain
Using (9.6) again to eliminate |α| 2 in favor of µ, and then computing the derivative with respect to µ we obtain
Therefore, the grand-canonical density is given by
Let us now compute the IES in the Improved Bogoliubov Approximation:
hence f k is positive and we can drop sgnf k . We also compute:
Thus it seems to imply D(0) > 0, which would mean that we have a gap in this approximation.
Concluding remarks. The analysis that we performed suggests a number of physically relevant open problems, which could be studied by rigorous methods. The most interesting among them are perhaps those related to Conjecture 4.3 about the true IES. Nevertheless, we believe that the problems about the methods SSA and IBA described in Conjectures 5.1 and 6.1 are also physically relevant and worth studying. It is likely that they are more accessible to rigorous investigations.
A number of mathematical open problems is suggested by the analysis of the previous section. In particular it should be possible to study mathematically the fixed point equation (9.8) and to determine whether it has a solution and whether this solution has a limit as L → ∞ in some reasonable function space.
